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Abstract 

In the present paper 2-local derivations on various algebras of infinite dimensional 
matrix-valued functions on a compact are considered. It is proved that every 2- 
local derivation on such algebra is a derivation. Also we explain that the method 
developed in the given paper can be applied to associative, Jordan and Lie algebras 
of infinite dimensional matrix-valued functions on a compact. 
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Introduction 

The present paper is devoted to 2-local derivations on algebras. Recall that a 
2-local derivation is defined as follows: given an algebra A, a map A : A ^ A (not 
linear in general) is called a 2-local derivation if for every x, y G A, there exists a 
derivation : A —^ A such that A{a;) = D^^yix) and A{y) = D^^yiy). 

In 1997, P. Semrl introduced the notion of 2-local derivations and described 
2-local derivations on the algebra B{H) of all bounded linear operators on the 
infinite-dimensional separable Hilbert space H. A similar description for the finite¬ 
dimensional case appeared later in (Kim and Kim 2004). In the paper (Lin and 
Wong 2006) 2-local derivations have been described on matrix algebras over finite¬ 
dimensional division rings. 

In (Ayupov and Kudaybergenov 2012) the authors suggested a new technique 
and have generalized the above mentioned results of (Semrl 1997) and (Kim and 
Kim 2004) for arbitrary Hilbert spaces. Namely they considered 2-local derivations 
on the algebra B{H) of all linear bounded operators on an arbitrary (no separability 
is assumed) Hilbert space H and proved that every 2-local derivation on B{H) 
is a derivation. After it is also published a number of paper devoted to 2-local 
derivations on associative algebras. 

In the present paper we also suggest another technique and apply to various 
associative algebras of infinite dimensional matrix-valued functions on a compact. 
As a result we will have that every 2-local derivation on such an algebra is a deriva¬ 
tion. As the main result of the paper it is established that every 2-local derivation 
on a ^-algebra C{Q, Mn{F)) or C{Q,Mn{F)), where Q is a compact, M„(F) is the 
*-algebra of infinite dimensional matrices over complex numbers (real numbers or 
quaternoins) (see section 1), A/'„(U) is the =i=-algebra of infinite dimensional matri¬ 
ces over complex numbers (real numbers or quaternoins) defined in section 2, is a 
derivation. Also we explain that the method developed in the given paper can be 
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applied to Jordan and Lie algebras of infinite dimensional matrix-valued functions 
on a compact. 

We conclude that there are a number of various associative algebras of infinite di¬ 
mensional matrix-valued functions on a compact every 2-local derivation of which is 
a derivation. The main results of this paper are new and never proven. The method 
of proving of these results represented in this paper is sufficiently universal and can 
be applied to associative, Lie and Jordan algebras. Its respective modification al¬ 
lows to prove similar problem for Jordan and Lie algebras of infinite dimensional 
matrix-valued functions on a compact. 

1. Preliminaries 

Let M be an associative algebra. 

Definition. A linear map D : M ^ M is called a derivation, if D{xy) = D{x)y + 
xD{y) for every two elements x, y € M. 

A map A : M —>■ M is called a 2-local derivation, if for every two elements 
X, y G M there exists a derivation : M ^ M such that A(x) = Dx,y{x), 
A(j/) = Da:,y{y). 

It is known that each derivation D on a von Neumann algebra M is an inner 
derivation, that is there exists an element a € M such that 

D{x) = ax — xa, x € M. 

Therefore for a von Neumann algebra M the above definition is equivalent to the 
following one: A map A : M ^ M is called a 2-local derivation, if for every two 
elements x, y £ M there exists an element a € M such that A(a;) = ax — xa, 
A(j/) =ay- ya. 

Let throughout the paper n be an arbitrary infinite cardinal number, 5 be a set 
of indexes of the cardinality n. Let {e^ } be a set of matrix units such that is 
an X n-dimensional matrix, i.e. = {aai3)a0eB,, the (i,j)-ih. component of which 
is I, i.e. Gij = I, and the rest components are zeros. Let be a set of 

n X n-dimensional matrixes. By denote the matrix whose components 

are sums of the corresponding components of matrixes of the set Let 

throughout the paper F = C (complexes), R(reals) or ]HI(quaternions) and 

Mn{F) = {{A^-^ejj} : for all indices i, j G F, 
and there exists such number AT G R, that for all n £ N 

n 

and {eM}li=^ C {ei,}|| ^ X'^^euW < K), 

kl=l 

where || || is a norm of a matrix. It is easy to see that Mn{F) is a vector space. 

In the vector space 

Mn{F) = {{A*^ey} : for all indices i, j A*-’ G F} 

of all n X n-dimensional matrices (indexed sets) over F we introduce an associative 
multiplication as follows: if a: = {Abe^}, y = {yd^eij} are elements of Mn{F) 
then xy = }■ With respect to this operation M„(F) becomes an 

associative algebra and M„(F) = i3(?2(S)), where ^ 2 ( 2 ) is a Hilbert space over F 
with elements {xi}i^s, Xi £ F for all i £ E, B{l 2 {E)) is the associative algebra 
of all bounded linear operators on the Hilbert space ^ 2 ( 2 ). Then Mn{F) is a von 
Neumann algebra of infinite n x n-dimensional matrices over F. 
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Similarly, if we take the algebra B{H) of all bounded linear operators on an 
arbitrary Hilbert space H and if {qi} is an arbitrary maximal orthogonal set of 
minimal projections of B{H), then B{H) = qiB{H)qj (see (Arzikulov 2008)). 

Let throughout the paper A be a hyperstonean compact, C{X) denote the al¬ 
gebra of all F-valued continuous functions on X and 

M = {{A*^(x)ey}y6H : (Vzj A*^(x) e C(A)) 

{BK e R)(Vm € iV)(V{efc,}S.i C {ei,})|| ^ A'='(x)efc,|| < K}, 

where \\J 2 ki=i... 7 n^'"''(^)^ki\\ < K means (Vxo € X)\\J2ki=i...m^'"''i^o)eki\\ < K. 
The set Ad is a vector space with point-wise algebraic operations. The map || || : 
M —>■ R+ defined as 

n 

||a|| = sup II ^ A'"'(a;)efci||, 

ki=i 

is a norm on the vector space A4, where a £ M and a = {X^^{x)eij}. 

In the vector space V = : {A*-^} C C{X)} of all infinite n x n- 

dimensional matrices (indexed sets) over C{X) we introduce an associative mul¬ 
tiplication as follows: if a; = {X^^{x)eij}, y = {fi^^{x)eij} are elements of V then 

With respect to this multiplication Ad becomes an 
associative algebra and Ad = C{X) 0 Mn{F). Thus Ad is a real or complex von 
Neumann algebra of type I„. 

Let M be a C*-algebra, A : M —5- M be a 2-local derivation. Now let us show 
that A is homogeneous. Indeed, for each x € M, and for A G C there exists a 
derivation D^^xx such that A(a;) = Dx,xx(x) and A(Ax) = Dx^xx(,Xx). Then 

A(Aa;) = Dx,xx{Xx) = XDx,xx{x) = A A (x). 

Hence, A is homogenous. At the same time, for each x G M, there exists a 
derivation Fj, 3,2 such that A(x) = Dx^x^{x) and A(x^) = Dx^x'^{x’^). Then 

A(x^) = Dx^x'^{x^) = Dx^x^{x)x + xDx^x'^{x) = A{x)x + x A (x). 

In (Bresar 1988) it is proved that every Jordan derivation on a semi-prime algebra 
is a derivation. Since M is semi-prime (i.e. aMa = {0} implies that a = {0}), the 
map A is a derivation if it is additive. Therefore, to prove that the 2-local derivation 
A : M —> M is a derivation it is sufficient to prove that A : M —>■ M is additive in 
the proof of theorem I. 

2. 2-local derivations on some associative algebras of matrix-valued 

FUNCTIONS 

Let (5 be a compact. Then there exists a hyperstonean compact X such that 
for the algebra C{Q) of all continuous complex number-valued functions on Q we 
have C{Q)** = C{X). If we take the *-algebra C{Q,Mn{C)) of all continuous 
maps of Q to Mn{C), then we may assume that C{Q,Mn{C)) C Ad. In this case 
the set {cij} of constant functions belongs to C{Q,Mn{C)) and the weak closure 
of C{Q,Mn{C)) in Ad coincides with Ad. Hence by separately weakly continuity 
of multiplication every derivation of C{Q,Mn(C)) has a unique extension to a 
derivation on Ad. Therefore, if A is a 2-local derivation on C{Q, Mn{C)), then for 
every two elements x, y G C{Q,Mn{C)) there exists a derivation Dx,y : Ad —s- Ad 
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such that A(a;) = Dx,y{x), A{y) = Dx,y{y), i.e. Dx,y is a derivation of A4 (not 
only of C{Q,Mn{C))). The following theorem is the key result of this section. 

Theorem 1. Let A be a 2-local derivation on C{Q,Mn{C)). Then A is a 
derivation. 

First let us prove lemmata which are necessary for the proof of theorem 1. 

By the above arguments for every 2-local derivation A on C{Q,Mn{F)) and for 
each X € C{Q, Mn{F)) there exist a € A4 such that 

A(a;) = ax — xa. 

Put 

Cij := 

where for all y, ii ^ = i, V = 3 then = 1, else A^'' = 0, 1 is unit of the algebra 
C{Q). Let {a{ij)} C Ad be a subset such that 

A{eij) = a{ij)eij - eija{ij). 

for all i, j, let a'^^eij, g C{Q), be the (i,j)-th component of the element eiia{ji)ejj 
of Ai for all pairs of different indexes i, j and let be the matrix in V 

with all such components, the diagonal components of which are zeros. 

Lemma 2. For each pair i, j of different indices the following equality is valid 

A(eij') — A (f) 

where a{ijY'^, a{ij)F are functions in C{Q) which are the coefficients of the Peirce 
components eua{ij)eii, ejja{ij)ejj. 

Proof Let k be an arbitrary index different from i, j and let a{ij, ik) g Ad be 
an element such that 

A(ejfc) = a{ij,ik)eik - eika{ij,ik) and A (e^) = a{ij,ik)eij - eija{ij,ik). 
Then 

Cfcfc A {Cij^Cjj — — 

^kk^ki^ij ^kk^ij ^kk^ij{(k^^ C^y^ ^^^yCjj — 

Gkk{{(l^’^ ^^rjCij — Gij {o^’^ e^y}^^y)ejj . 

Similarly, 

Gkk A (^Cij'jea — Ckki^^G.^^ e^y^ ^^yCij Cij ^a^^ e^y^ ^^y'jCii. 

Let a{ij, kj) G M be an element such that 

A(efcj) = a{ij, kj)ekj - Ckja^ij, kj) and A (e^ ) = a{ij, kj)eij - eija{ij, kj). 
Then 

Cji A {eij)ekk = e 7 i{a{ij, kj)eij - eija{ij, kj))ekk = 

0 Cijaiij^ kj')ekk — 0 CijOl^kj^Ckk — 0 CijajkCkk — 

Cii{a^^ e^y^ ^^yCijCkk Cij {a^^ e^y'^^^yCkk — 

Cii{\a^^ e^y^ ^z^yCij Cij {a^^ e^y^ ^:^y^Ckk- 

Also similarly we have 

^ (.Cij^Ckk — Cjji^^a^^e^y^^z^yCij Cij ^a^^ e^y^ ^z^y^Ckk: 

Cii A (^Cij^Cii — C^y^ ^^yCij Cij C^y^ ^^y^CHj 
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^33 ^ {^13)^33 ~ Sjj ~ 

Hence the equality (1) is valid. > 

We take elements of the sets {{ei^}^}i and in pairs ({eo^}^, {e^^}^) 

such that a ^ p. Then using the set {({eo^j^, {ej/?}^)} of such pairs we get the set 
{s-a/s}- 

Let Xo = {ea^} be a set {v^^eij}ij such that for all i, j if (a,/3) 7 ^ {i,j) then 
Vij = 0 G C{Q) else Vij = 1 G C{Q). Then Xo G C{Q, M„(C)). Fix different indices 
io, jo- Let c G Af be an element such that 

= cei„j„ - ei^j^c and A (xo) = cxo - XoC. 

Put c = {A-^Cy } G M and a = U {a^^eu}, where {a^^eu} = {d^eu}. 

Lemma 3. Let rj be arbitrary different indices, and let b = {V^eij} & M be 
an element such that 

A(e^r/) = be^rj — e.^rjb and A (xo) = bxo — Xob. 

Then . 

Proof. We have that there exist a, P such that e^a, G {ca^} (or Car^, 
e ^0 G {eajs}, or G {cajs}), and there exists a chain of pairs of indexes (d,/3) in 
Ll, where H = {{a,p) : G {Cap}}, connecting pairs ($, d), {P,ri) i.e., 

(5, d), (d, ^ 1 ), (Cl, 7?i),..., {r] 2 , P), {p, ff). 

Then 

- c““ = b^^ - , 

(.CiCi _ (Xnm — ffiii _ iftivi _ ^ _ jfi 2 V 2 _ ffij^ Jij _ ^vv _ _ i/)v 

Hence 

- b^^ = c““ - 6 ““, c““ - , 

= ifiim _ iftivi _ ^ _ ffi 2 V 2 _ ff) 2 m _ g/3/3 _ IjBB ffBp _ ^BB _ 

and — b^^ = = b^^ — . 

Therefore — c’*’* = b^^ — . > 

Lemma 4. Let x be an element of the algebra C{Q, Mn(C)). Then 

A(x) = dx — xd, 

where d is defined as above. 

Proof. Let d{ij) G be an element such that 

A(eij) = d{ij)eij — Cijdljj) and A (x) = d(ij)x — xdfij) 
and i j. Then 

A(eij) = d{ij)eij - eijd{ij) = 

eiid{ij)eij - eijd{ij)ejj + (1 - eii)d{ij)eij - eijd{ij){l - ejj) = 

for all i, j by lemma 2 . 

Since 

Ciidlij'^Cij Cijdiij^Cjj — aiijpiCij 

we have 

(1 ^ipdl^ij^Cii — , 

ejjd(ij){l — Cjj) = e.jj{a^^e^ri}^^ri 





6 


for all different i and j. 

Let b = {b^^eij} G Af be an element such that 

^(cij) = bcij — Cijb and A (xo) = bxo — Xob. 

Then 6“ — = c“ — by lemma 3. We have 5“ — = d{ijy'^ — d{ijy^ since 

bcij - e^jb = d{ij)eij - eijd{ij). 

Hence 

c“ - Ab = - d{ijYyc>^ - c" = d{ijy^ - d{ijy\ 

Therefore we have 


Cjj A {x)eu = ejj{d{ij)x - xd{ij))eu = 

ejjd{ij){l - ejj)xe^i + ejjd{ij)ejjxeu - ejjx{l - e^i)d{ij)ei^ - ejjxe^id{^j)ei^ = 

H” ^jjXCaditJ^Ca — 

“ 1 “ ^jjXCii CjjXCuC Ca — 

^jjC^ a^^e^Yjxeu - e^^xC^ = 

« ? 

— ejjx{a^^e^ri}&ii = &jj{dx — xa)eii. 

Let d{U), V, w & Mhe elements such that 

A(eii) = d{ii)eii — eiid{ii) and A {x) = d{ii)x — xd{ii), 

C^iU, A^e^^') V^ij 

,nd 

A(eij) = wen - euw, A{eji) = wej^ - ejiW. 

Ihen 

(1 - eii)a{ij)eu = (1 - eii)veii = (1 - eii)d{ii)eii, 


By lemma 2 


Similarly 


Hence 


^zz^(j^)(l Cj^) — ^ii) — eiid{%iy{\ C^^). 

A(ey) = a{ij)e,j - eija{ij) = 

(1 ^ii'j^YjYii — ^^r]^ii' 

Cji) — eii\^(l^^ 


eu A {x)eu = eii{d{ii)x - xd{U))en = 
eiid{ii){l - e^Yxeu + eud{ii)euxeii - eux^l - e^i)d{ii)en - euxeiid{ii)eu = 
eiia{ji){l - eii)xeu + eud{ii)eiixeii - eiix{l - eii)a{ij)eii - eiixeud{ii)eii = 
ezz{u^^e^jy}^^7^xe2i endYYenxeii enxeadixi^en — 

ezz{n^^e^z;}^^z;^ezz eiix\^oy’^c^rY^^rjea ~\~ c cnxen eaxc en = 

eii{ci^^ e^r]} ^^r]^eii enX^Q^^ C^r/} ^^r]eii-\- 
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eii{a^'^e^jj}xeu — euxia^^e^njeu = eii{ax - xa)en. 

Hence 

A(a;) = ax — xa 

for all X e C(Q, M„(C)). > 

Proof of theorem 1. By lemma 4 A(eii) = aeu — eua S Af. Hence 

G M. 

? « 

Then 

G A1 

? « « 

and 

( y^ - y] a}^ei^)eii = - a"eii G Al. 

« ? « 

Therefore ^ i-®-) heii,eiia G At. Hence euaXjXaeu G At 

for each z and 

ax, xa €V 

for each element x = {x^'^Cij} G C{Q,Mn{C)), i.e., 

y^a*^a;^^eij,y^ G C{Q)eij 

? ? 

for all z, j. Therefore for all x, y € C{Q, M„(C)) we have that the elements ax, xa, 
ay, ya, a(x + y), (x + y)a belong to V. Hence 

A{x + y) = A{x) + A{y) 

by lemma 4. 

Similarly for all x, y G C{Q, Mn{C)) we have 

(ax + xa)y = axy — xay G At, axy = a(xy) G V. 

Then xay = axy — (ax — xa)y and xay G V. Therefore 

a{xy) — (xy)a = axy — xay + xay — xya = (ax — xa)y + x(ay — ya). 

Hence 

A(xy) = A(x)y + xA (y) 

by lemma 4. By section 1 A is homogeneous. Hence, A is a linear operator and a 
derivation. The proof is complete. > 

If we take the ^-algebra C(Q, Mn(F)), F = K. or H, then we can similarly prove 
the following theorem. 

Theorem 2. Let A be a 2-local derivation on C(Q, Mn(F)). Then A is a 
derivation. 

Note, for theorem 2 to be proved the proof of theorem 1 will be repeated with 
very minor modification. 

Let 

O 

: for all indices i, j G F, and 
ij 

Ve > Odrzo G N such that \/n > m > no 
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II ^ ^ ^ ^ + A^Cii] II < e}. 

i—m fc=l,..., 2 —1 

where || || is a norm of a matrix. Then ^ C*-algebra with respect to com¬ 

ponentwise algebraic operations, the bilinear operation and the norm (Arzikulov 
2012). Since Fcij is a simple C*-algebra for all i, then by the proof of theorem 
8 in (Arzikulov 2012) the C*-algebra Fe^ is simple. Let A/’„(F) = Fe^. 
Then C{Q,Nn{F)) is a real or complex C*-algebra, where (F = C, R or H) and 
C{Q,Mn{F)) C M.. Hence similar to theorems 1, 2 we can prove the following 
theorem 

Theorem 3. Let A be a 2-local derivation on C{Q,Nn{F)). Then A is a 
derivation. 

It is known that the set Aisa of all self-adjoint elements (i.e. a* = a) oi A4 forms 
a Jordan algebra with respect to the operation of multiplication a ■ b = ^{ab + ba). 
The following problem can be similarly solved. 

Problem 1. Develop a Jordan analog of the method applied in the proof of 
theorem 1 and prove that every 2-local derivation A on the Jordan algebra Aisa 
or C{Q,Mn{F)sa) or C{Q,JVn{F)sa) is a derivation. 

It is known that the set Aik = {a € Ai : a* = —a} forms a Lie algebra with 
respect to the operation of multiplication [a, b] = ab—ba. So it is natural to consider 
the following problem. 

Problem 2. Develop a Lie analog of the method applied in the proof of theorem 
1 and prove that every 2-local derivation A on the Lie algebra Aik or C{Q, Mn{F)k) 
or C{Q,Afn{F)k) is a derivation. 
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